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Abstract 
Shalev, A., Meta-sbciian unit groups of group algebras are usually abelian, Journal of Pure and 
Applied Algebra 72 (1991) 295-302. 
Given a field F of positive characteristic p >:! and a finite group G we give necessary and 
sufficient conditions for the unit group of l:he group algebra FG VI be meta-abelian. In 
particular, if p ~5, this happens only when CT is abelian. 
1. Introduction 
Let G be a finite group, and let F De a field of characteristic p > 0. Denote by 
U(FG) the unit group of the group algebra FG. Necessary and sufficient 
conditions for U(FG) to be soluble were given by Passman [8], following 
Bateman [l] and Motose and Tominaga [7] (see also [6], 191 for the case F = FP, 
and [2] for general torsion groups). in particular, if p 2 5, then U(FG) is soluble 
if and only if G/O,(G) is abelian [l]. However, it is by no means clear what 
conditions on G are imposed by fixing the derived length of U(FG). 
In tk.is paper we deal with a particular case of the general problem, namely, 
with meta-abelian unit groups. Our main result is: 
Theorem A. Let G be a finite group and let F be a field of characteristic p 15. 
Then U(FG) is meta-abelian if and only if G is abelian. 
Therefore, under the above condition on char(F), there is no unit group of 
derived length exactly 2. 
It is easy to see that Theorem A fails to hold in lower characteristic p = 2,3. In 
fact, for p -- 3 we obtain the following characterization: 
0022-4049/91/$03.50 (Q 1991 - Elsevier Science FI. blishers B.V. (North-Holland) 
296 A. Sltalev 
Theorem B. Let G be a finite group and let F be a field of characteristic 3. Then 
U(FG) is meta-abeiian if and only if G is either abelian, or nilpotent with lG’/ = 3. 
Note that, in the latter case, the nilpotency class of G is 2. 
The proof consists of four stages, which are described in Sections 2-5, 
respectively. Our notation is standard, except that we use (x, y) = xy - yx for Lie 
brackets, to be distinguished from group commutators [x, y] = X-‘y-‘my. All 
groups considered will be finite. For a group G, G’ denotes its commutator 
subgroup, O,(G) stands for the largest normal p-subgroup of G, and d(G) 
denotes the augmentation ideal of the group algebra FG. 
The delicate case char(F) = 2 seems to require a separate discussion. 
2. Sufficient conditions 
We start with an easy result, showing that the conditions given in Theorem B 
are sufficient. If G is abelian, there is nothing to prove, so we are really interested 
in the class 2 case. 
Lemma 2.1. Let G be a nilpotent group of class 2, and let I = A(G’)FG. Then 
!I(FG)“C 1 + 1’. 
Proof. Since FGII is commutative, U(FG)’ C 1 + I, so it is enough to show that 
[l + I, 1 + I] C 1 + 1’. This amounts to showing that III” is a caommutative ring. 
Indeed, I is spanned (as a linear space) by the elements g(r - 1). where g E G and 
z E G’. So consider 
(g,(z, - 1). g,@, - 1)) = (2, - m, - N& th) 
= c-q - w, - l)(% - 1)&g, 3
where z3 = g,g,g;‘g;’ = [g;‘. g;‘] E G' ( recall 
that III” is commutative, as required. 
that G’ is central). This implies 
Cl 
Corollary 2.2. Let G be a nilpotent group of class 2. if either char(F) = 3 and 
G’ z C,, or char(F) = 2 and G’ is isomorphic to either C, or C, x C,, then U(FG) 
is meta-abelian. 
Proof. Clear from the previous lemma, as d(G’)” = 0 in all these cases, which 
implies I” = 0. 0 
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3. Necessary conditions: extensions 
In what follows we assume that F is a fixed field of characteristic p > 0. Note 
that, if p > 2 and U(FG) is soluble, then either O,(G) 2 G’, or p = 3 and 
G/O,(G) is a 2-group [l]. In either case G possesses a normal Sylow p-subgroup 
P (= O,(G)), which has a complement H in G (e.g., by the Schur-Zassenhaus 
theorem). Therefore, (split) extensions of p-groups by p’-groups play an im- 
portant role in our context. 
The following result holds for any p > 0. 
Proposition 3.1. Let G be an extension of a p-group P by a p’goup H. Suppose 
U(FG) is meta-abelian. Then G G P X H. 
Proof. We argue by induction on the nilpotency cltiss of P, denoted by c. Suppose 
first that c = 1. 
We may assume that H I G, so G = P XI H. We have to show that H centralizes 
P. If this is not the case, pick h E H with [P, h] # 1, and notice that, since h 
induces a p’-automorphism on P, we have [P, h, h] = [P, h] # 1 (see [3, Chapter 
5, Section 31). Replacing G with {[P, h), h) if necessary, we may assume that 
P=G’=[P,h]#l. 
Consider the radical J = J(FG). It is easily seen that J = A(P)FG. Obviously, 
1 + J E U(FG), so [ 1 + J, h] c U( FG)‘. Now, since P = G’ C U( FG)‘, and 
U(FG)’ is abelian, we conclude that P centralizes [l + J, h]. 
Let a E A(P), and consider 
[1 - ho, h] = (1 - ha)-‘!1 - ha”) = (1 + ha + (ha)’ + - - a)(1 - ha”) . 
Working modulo J3 we get 
[l - ha, h] = (1 + ha + (ha)‘)(l - hah) 
E 1 + ha + h’a”a - ha” - h’a”a” 
= 1 + h(a - a”) + h2a”(a - a”) . 
Setting a = 1 - x, where x E P, we obtain 
u(x) := [ 1 - h( 1 - x), h] = 1 + h(x” - x) + h2( 1 - x”)(x” - X) . 
Now, for y E P we have 
u(x)’ - u(xj = (hi’ - Iz)(x” - X) + ((h’)y - h2)(1 - x”)(x” - x) . 
Observe that, since FGIJZ F(h ) is commutative, (h”)” - h’ E J, so that, modulo 
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J’ we have 
u(x)’ - u(x) = (h” - h)(X” - x) 
= h([\z, y] - l)x([x. h] - 1) 
= hx([h, y] - l)([x, h] - 1) * 
Recall that P centralizes 11 + J, h], so u(x)’ - u(x) = 0 for all x,y E l? This 
implies that ([h, y] - 1)(1x, h] - 1) is identically zero modulo 1”. But IP, h] = R 
This means that, if x and y range over P, {[h, y]) and ([x, h]} are generating sets 
for P. It follows that J” C J”, so J’ = 0. In particular, A(P)’ = 0, which implies 
P = 1 or P z C, (in which case p = 2). Since Aut(C,) is trivial, we conclude that, 
in both cases, P is central in G, a contradiction. 
This completes the proof in the case c = 1. 
Now, given c > 1, we have to show that every element of H centralizes P, so we 
may assume that H is cyclic. 
By the case c = 1 applied for the group GI(P’), we conclude that [P, H] % P’. 
This means that G’ = [P, G]H’ = [P, PH] = P’. 
Given x E ?‘, consi& the group Q = (P’, x). Observe that Q is normal in G 
(as it contains G’). a.,d that the nilpotency class of Q is less than c. Applying the 
induction hypothesis to the group QH, we conclude that [Q, H] = 1. In particu- 
lar, fx, H] = 1 for arbitrary x E P, so we are done. C 
Lemma 3.2. ,4ssume char(F) = p >2, and let H be a nonabelian p’-group. Then 
U(M) is not meta-abeliun. 
Proof. This is a matter of routine check, based on [ 11. Indeed, if p 2 5, it is 
known that U(FH) is not even soluble. If p = 3, the solubility of U(FH) implies 
that F = F,, and that the matrix ring M(2, F3) appears as a direct summand in 
FH. The result ROW follows from the fact that GL(2, CT) is not meta-abelian. q 
We conclude this section with the following result, which is a direct con- 
sequence of the above discussion. 
Corollary 3.3. Assume char(F) = p > 2, and let G be a finite group with U(FG) 
meta-abelian. Then G is a direct product of a p-group P with an abelian p’-group 
H. D 
4. Necessary conditions: finite p-groups 
In this section we prove Theorems A and B for finite p-groups. 
Observe that, if G is a p-group, then every element outside the augmentation 
ideal A(G) is invertible, so U(FG) = FG\A(G). 
We shall make frequent use of the following formula, holding in U(FG). 
Lemma 4.1. Suppose char(F) > 2. Then, for all x, y E G we have 
Proof. 
[l+x,y]=(l+x)‘(l+x)‘=(l X)-‘(1+x?‘) 
=(1+x)_‘((1+X)+(+-X)) 
= 1 +(l +x)_‘(X”-Xx) 
= 1 + (1 + X)%([X, y] - 1) 
= 1 +(l +x)_‘((1 +x)- l)([X, y]- 1) 
=l+(l-(1+x)-‘)([x,y]-1). q 
Proposition 4.2. Suppose char(F) = p s 5, and let G be a finite p-group such that 
U(FG) is meta-abelian. Then G is abelian. 
Proof. Otherwise, let G be a minimal counter-example to this assertion. Then G 
is nonabelian, but every proper section of G is abelian. This implies that G is 
2-generated and G’ has order p. In particular, G is nilpotent of class 2. 
Set G = (x, y). Then G’ = (z), where z = ]x, y]. Since U(FG) is meta- 
abelian, we must have 
[[I +x, Yl7 I1 + YT XII = 1 - 
Apply Lemma 4.1 to get 
[1+X,y]=1+(1-(1+X)-‘)(z-1), 
[l + y, X] = 1+ (1 - (1 + y)-‘)(z-’ - 1). 
Therefore, since [l f X, y] and [ 1 + y, X] commute, it follows that 
((1 - (1 + $I)(2 - l), (1 - (1 .f ;I)-‘)(z-’ - 1)) = 0 
(recall that ( , ) denotes Lie brackets). 
By the centrality of z and the bilinearity of ( , ), this is equivalent to 
((1 + x)-l, (1 + y)-‘)(z - l)(z-’ - 1) = 0. 
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Let A be the annihiiator of (z - l)(z-’ - 1) in FG. Clearly, A is a two-sided 
ideal (in fact, it is easily seen that A = (z - I)“-‘FG). Set R = FGIA. and deno:e 
the image of w E FG in R by ri;. Then, by our assumption, (1 + X)-” commutes 
with (1 + ,i;)- I, so their inverses 1 + X and 1 + jJ commute as well. We conclude 
that X-,y commute in R, so (x, y) E A, namely, (x, y)(z - l)(z-’ - 1) = 0. But 
(x, y)(z - l)(f’ - 1) = YX([X, yp - l)(z I)(z_’ - 1) 
whereu:=yx-(l+z+z’+, 
p Z- 5). Therefore, 
(s, y)(z - l)(z_’ 
a contradiction. El 
= yx(z - l)?(z-’ - 1) = ys(r - l)‘(z”_” - 1) 
= u * (2 - 1)’ , 
+ zpe2) is invertible. Now, (z - 1)” # 0 (recall that 
Having proved Theorem A for finite p-groups, we now turn to Theorem B. 
Proposition 4.3. Suppose char(F) = 3, and let G be a finite 3-group such that 
U( FG) is nteta-abelim Then ] G’1 5 3. 
Proof. Othe‘wise. let G be a minimal counter-example. Then every proper 
section H of G satisfies ]H’] 13, so that G’ is of order 9. We derive a 
contradiction by considering the three following cases: 
Case I: G is of class 2. and G’ is cyclic. 
Then. by the minimality of G, G is 2-generated. Thus G = ix, y) and 
G’ = (z), where z = [x, y] is central of order 9, and the proof of Proposition 4.2 
runs through. 
Cast 2: G is of class 2, and G’ is elementary abelian. 
Since IG’l> 3, there exists an element x E G with more than three conjugates 
[S]. This element obviously satisfies {[x, g]: ,q E G} = [x, G] = G’. So choose 
p,.p: such that z, := [x, y,] and zr := [x. y,] form a basis for G’. 
Since U(FG) is meta-abelian, we get 
w +-I-, Y,l- P 
Use Lemma 3. I to write 
[I + X. y,] = 1 
11 +y+]= I 
+y+]]= 1. 
+ (1 - (1+ X)_‘)(Z, - 1) , 
+(n-(l+ylJ1)(z;‘-l). 
We conclude that 
O=((l -wy,],(l fy,.x]) 
=((1-(1+X)-‘)(f~-1).(1-(1fy2)-~)(z~~-1)) 
=(l-(l+~)-‘,f~(~+y~)-‘)(~I-l)(t~~-l) 
= ((I +x)_‘* (1 + y2)- )(z, - I)($ - 1). 
Let A be the annihilator of (zt - I)(ti’ - 1) in FG. and set R = FGIA. ” ‘hen 
the images of (1 + x)-’ and (1 6 y_,)- ’ in R commute. Hence, the Images of 1 -t A- 
and 1 + y, commute as well, which implies that (x, y2) E A. But 
(x, y,)(z, - l)(z;’ - 1) = y&[x, y2] - l)(t, - l)& - 1) 
=y2x(fl - l)(z, - lj(tl’ - 1) 
= y&, - l)(r, - l)(zZ - 1) 
=U*(z,-l)(z2-1)2. 
where u := y&z, + 1) is invertible. Therefore, since (z, - l)(z, - 1)’ is nonzero, 
we obtain (x. y2)(z,- l)(zi'- 1) f 0. which means that (x. y-!) jZ A. a con- 
tracliction. 
Case 3: G is of class 3. 
Choose a noncentral element w t’ G’, and let x E G with Ix. w] = z # 1. The 
assumption that U(FG) is meta-abelian yields 
[(l + x, VT], w] = 1 . 
By Lemma 4.1, 
[1+x,cv]=1+(1-(1+x)-‘)(2-l). 
Hence, 
O=([l+x, w], w)=((l -(l q-‘)(z- l), w) 
=(l -(l +x)-I, w)(z - I) = -((l + x)-l. w)(z - 1) 
by the centrality of z. 
Let A be the annihilator of z - 1 in FG, and set R = FGlA. 
Then the images of w a.nd (1 -I x)-’ commute in R. Therefore, the images of w 
and 1+ x commute as well, so (6, X) = 0 in R. But 
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(w x)(2 - 1) = WX(1 - 1 c. w])(z - 1) = -wx(z - 1)’ #O 
which shows that (w, X) g A, a contradiction. 0 
5. Conclusion 
Combining the information gathered in Sections 2-4, Theorems A and B 
readily follo-v. II a ring G regard of Corollary 2.2, we only have to prove necessity, 
so suppose U(FG) is meta-abelian. Then, by Corollary 3.3, G is a direct product 
of a p-group P with an abelian p’-group H, where p = char(F). In particular, G is 
nilpotent. Obviously, U(FP) is meta-abelian. Applying Propositions 4.2 and 4.3 it 
follows that P is either abelian, or p = 3 and IP’I = 3. 
Returning to G we conclude that either G’ is trivial, or p = 3 and G’ = P’ is of 
order 3, as required. 
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